We define tropical triangles (affine and projective) and characterize them via six inequalities to be satisfied by the coordinates of the vertices. Triangulations of the tropical plane are thus obtained.
Introduction
In this note we present results from [1] concerning tropical triangles. Triangles are, after points and lines, the simplest figures in any geometry. Here tropical triangles are defined by three points such that, when taken by pairs yield three lines, which intersected by pairs return the original points; curiously enough, this is not the case for any three non collinear points in the tropical plane! Usual triangles are related to convexity and to two key notions in linear algebra: independence and generation (or span). Indeed, the vertices of an usual triangle are projectively independent points which generate the entire plane. Independence remains true in the tropical setting for the vertices of a tropical triangle, but they only generate a very small part of the plane: it is an usual solid hexagon having sides of slope 0, 1 and ∞. Thus, the tropical span of the vertices of a tropical triangle is the convex hull of six related points. Our tropical triangles are characterized by six inequalities in theorems 1 and 2.
All triangles should look alike, in any geometry. This is not the case, with the definition proposed by Develin and Sturmfels in [3] (see examples 1 and 2 in figure 2 in [3] ). But it is true with our definition of tropical triangle. This follows from theorem 2. In [6] , Joswig rises the question of what should be the right notion of tropical triangulation. For the tropical plane (affine or projective), we give the following solution: a triangulation of the tropical plane is a family of tropical triangles {g j b j c j : j ∈ J} such that the family of associated usual hexagons {H(g j b j c j ) : j ∈ J} tesselate the usual plane. If two triangles T, T ′ in this triangulation intersect, all they share is one vertex and one side. Moreover, the associated usual hexagons H(T ), H(T ′ ) have just one side in common and the corresponding two end points.
We work exclusively in the tropical setting. Authors like Izhakian or Tabera [5, 10] solve tropical geometry problems by the lifting method. This means that they start with a question in tropical geometry, lift the question to usual geometry (when possible), solve the question there (when possible) and tropicalize the solution (always possible). Although the existence of liftings is one powerful reason to do tropical geometry, we will not use liftings at all.
Tropical geometry is a very recent trend in mathematics related to control theory, automata theory, scheduling theory, discrete event systems, optimization, mathematical physics, etc. It has many applications, such as combinatorics and complex and real enumerative geometry. It has appeared under various denominations such as minimaxalgebra or max-algebra or max-plus algebra, moduloïds and pseudomodules, idempotent mathematics (semirings, analysis, calculus, etc.), Maslov dequantization; see [4, 7, 8] . Some authors use min instead of max and other authors use R instead of R ∪ {−∞}. Therefore, in order to compare results appearing in different papers, some care must be taken to deal with these differences.
We take the opportunity to thank B. Bertrand for his excellent introductory talks about Tropical Geometry, held in the academic course 2004-05 at Departamento dé Algebra, Facultad de Matemáticas, Universidad Complutense de Madrid (Spain) and to L. F. Tabera for his interest.
In [1] , tropical triangles are used in order to define tropical transformations between tropical conics.
Tropical spaces (affine and projective)
Let n ∈ N. The vector (1, . . . , 1) ∈ R n will be denoted u n and the point (−∞, n)
... , −∞) will be denoted p n .
The tropical semi-field is R∪{−∞} endowed with tropical addition ⊕ and tropical multiplication ⊙, where these operations are defined as follows:
The tropical semi-field will be denoted by T. Note that tropical addition is idempotent, i.e., a ⊕ a = a, for a ∈ R. Tropical addition is associative, commutative and has −∞ as neutral element. And tropical multiplication is associative, commutative and has 0 as neutral element. The element −a is inverse to a with respect to ⊙, for a ∈ R. Moreover, multiplication is distributive over addition, since a + max{b, c} = max{a + b, a + c}.
However, we cannot find an inverse element, with respect to ⊕, for any a ∈ R ∪ {−∞} and this is why T is NOT a field. For n ∈ N, the tropical affine n-space is simply T n , where addition and multiplication are defined coordinatewise. It will also be denoted TA n . The tropical projective n-space, TP n , is the defined as follows. In the space
] and its elements are obtained by adding multiples of the vector u n+1 to the point (b 1 , . . . , b n+1 ).
Points in TA n (resp. TP n ) without infinite coordinates will be called interior points. The rest of the points will be called boundary points. The boundary of TA n (resp. TP n ) is the union of its boundary points. Note that p n is a boundary point in TA n . However, at least one of the coordinates of any point in TP n must be finite.
In this paper we only work in the tropical plane (affine or projective). Therefore, we will just present the following notions for n = 2, although they apply in any dimension n ≥ 2. We will use X, Y, Z as variables.
The tropical projective plane TP 2 is covered by three copies of the tropical affine plane TA 2 as follows. The maps
are injective and we have TP 2 = im j 3 ∪ im j 2 ∪ im j 1 . Note that the complementary set of im j 3 is the set
and it is in bijection with TP 1 (forget the last coordinate!) Similarly for j k , k = 1, 2.
It is easy to check that the set of interior points of TP 2 is equal to the intersection im j 3 ∩ im j 2 ∩ im j 1 .
As we already know, the projective tropical coordinates of a point in TP 2 are not unique. In order to work with a unique triple of coordinates for (almost) each point, we choose a normalization. A few points in TP 2 do not admit normalized coordinates, but this will not be a serious obstacle. Our favorite normalization is making the last coordinate equal to zero and we call it the Z = 0 normalization or we say that we work in Z = 0. It means passing from the projective plane to the affine one, via j 3 . The point [a, b, −∞] does not admit normalized coordinates in Z = 0, for any a, b. Other possible normalizations are Y = 0, or X = 0, or X + Y + Z = 0, etc.
Tropical polynomials and hypersurfaces
Let n ∈ N. We have tropical addition and multiplication in T and, therefore, we can consider tropical polynomials in any number of variables X 1 , . . . , X n . Write X for (X 1 , . . . , X n ) and let i = (i 1 , . . . , i n ) ∈ N n be a multi-index. Then write
where I is some finite set and a i ∈ R ∪ {−∞}. Being −∞ the neutral element for tropical addition, terms having a i = −∞ may be omitted. Applications of tropical geometry to real and complex algebraic geometry require the exponents allowed to be rational, i.e., i ∈ Q n . This brings no additional difficulties and therefore we will let i ∈ Q n and yet say polynomials, although strictly speaking, we should talk about Laurent polynomials.
The polynomial p is homogeneous if there exists d ∈ N such that
then p is said to have degree d. By means of an extra variable, we can homogenize a non-homogeneous tropical polynomial p, easily. We will use capital letters to denote homogeneous polynomials and small letters to denote arbitrary polynomials. The nonhomogeneous polynomial p is said to have degree d if its homogenization has degree d. In particular, the degree is NOT defined for some tropical polynomials and this definition of degree is DIFFERENT from the usual one. For instance, the degree of the polynomial p
A tropical polynomial p (resp. homogeneous polynomial P ) of degree d > 0 in n (resp. n + 1) variables defines a so called tropical affine hypersurface V(p) (resp. projective) hypersurface V(P ) in TA n (resp. TP n ). By definition, V (p) (resp. V(P )) is the set of points in TA n (resp. TP n ) where the maximum is attained at least twice. This is certainly DIFFERENT from the usual definition of algebraic hypersurface.
Let n = 2. In this case, we use variables X, Y, Z, instead of X 1 , X 2 , X 3 . In the tropical plane, hypersurfaces are called tropical curves. We have tropical lines, conics, cubics, etc., meaning curves defined by a tropical polynomial of degree 1, 2, 3, etc. Every tropical projective curve C is covered by three associated affine curves, namely,
The intersection of two tropical plane curves C, C ′ is NOT a finite set of points, in general. However, the so called stable intersection C ∩ est C ′ is. This is defined as the limit, as ǫ tends to zero, of the intersection of perturbed curves C vǫ , C ′vǫ . Here, C vǫ denotes a translation of C by a length-ǫ vector v ǫ . Moreover, Bézout´s theorem holds in the tropical setting, meaning that the stable intersection of two tropical curves C, C ′ of degrees d, d ′ is a set of dd ′ points, counted with multiplicities; see [4, 8, 9] , for details.
Let n ∈ N. Given an n × n matrix with real entries, its tropical determinant is defined as follows:
where S n denotes the permutation group in n symbols. This matrix is said tropically singular if the maximum in the tropical determinant is attained at least twice. Now consider a system of n degree-one tropical polynomials in n + 1 variables and let A be the n × (n + 1) coefficient matrix for this system. For each j = 1, . . . , n + 1, let A j be the square matrix obtained from A be deleting the j-th column. Then the point [|A 1 | t , . . . , |A n+1 | t ] ∈ TP n is the stable intersection of the n given tropical hyperplanes, see [9] for details. This result is known as the tropical Cramer's rule.
Given two points a, b in TP 2 , there are many tropical lines going through both of them, in general. The stable union of a, b is defined as the limit, as ǫ tends to zero, of the tropical lines going through perturbed points a vǫ , b vǫ . Here, a vǫ denotes a translation of a by a length-ǫ vector v ǫ . We denote this line by a ∪ est b, see [4, 8, 9] .
Lines and triangles in the tropical plane
The simplest tropical plane curves are lines, of course. A tropical line in the affine plane
for a, b, c ∈ R. Note that the point p 2 = (−∞, −∞) does not belong to V(p). In fact, one can easily show that p 2 does not belong to any tropical hypersurface of TA 2 .
It is easy to describe the line L = V(p). It contains the point (c − a, c − b), called the vertex of L and denoted v L . It also contains the points (−∞, c − b), (c − a, −∞), both of them at the boundary of TA 2 . Each one is joined to v L by and edge of infinite length. The directions of these edges are W and S, respectively. Accordingly, we write W L for (−∞, c − b) and S L for (c − a, −∞). In L we also find a ray of infinite length pointing in the NE direction away from v L .
The homogenization of p is
It defines a tropical line in TP 2 , denoted L = V(P ). L embeds in L via j 3 . We have The tropical line L is a tree consisting of four vertices and three edges. Only one of its vertices is interior and we call it the vertex of L.
We identify L with its image via j 3 and use this identification in order to make a graphical representation of L: we draw L with an extra point (representing N E L ) added at the end of the NE ray of L. For us, this is the picture of L in Z = 0. By means of the mappings j 2 or j 1 we can also produce pictures of L in Y = 0 or in X = 0, easily.
The vertex of a tropical line in the tropical plane (affine or projective) is an interior point and any tropical line is uniquely determined by its vertex. This provides a duality between lines in the tropical projective plane and projective interior points. Given an interior point a = [a 1 , a 2 , a 3 ] in TP 2 , let L a denote the line in TP 2 having vertex at a. The associated polynomial is
for a, b interior points in TP 2 . In addition, this duality transform stable union into stable intersection and conversely, i.e.,
for a, b, c interior points in TP 2 . In particular, by tropical Cramer's rule, the stable intersection of the lines L a and L b is the point
Note that this is a tropical version of the cross-product of triples and we find it convenient to denoted this point by (−a) ⊗ (−b). Now, by duality, the coordinates of a ⊗ b are the coefficients of the degree-one polynomial giving the stable union of a and b and we can write v ab = −(a ⊗ b).
Now, let us consider tropical triangles. Three points which are not tropically collinear, when taken by pairs, may or may not give rise to tropical lines which, when stably intersected, give back the original points. Thus, some care must be taken in order to define triangles in the tropical plane (affine or projective). For instance, take points g = [−1, 1, 0], b = [0, 0, 0], c = [−1, 2, 0]. As explained above, the stable lines gb, cb are given by the polynomials Such a triangle will be denoted gbc. From now on, we will restrict ourselves to stable triangles, and will call them triangles, for short. The sides are the tropical lines gb, bc, cg.
Definition 2.
A tropical triangle gbc is called proper if the points g, b, c, v gb , v gc , v bc are all different. A tropical triangle which is not proper will be called improper.
An usual hexagon, denoted H(gbc), arises form a proper tropical triangle gbc: its vertices are (going in order) g, v gb , b, v bc , c, v cg .
Then g, b, c determine a proper tropical triangle if and only if, perhaps after relabelling, the following inequalities hold: Proof. Consider the tropical lines gb, gc, bc. If the inequalities of the statement hold then, by computing the equations of certain affine lines in R 2 (having slopes 0, 1 or ∞), it is easy to check that
Then, the six inequalities in the statement tell us that the points g, b, c, v gb , v gc , v bc are all different. Conversely, suppose that g, c, b are different points in R 2 . We have
Perhaps after relabelling, we may assume that
We will trace the hexagon H(gbc) beginning from g. We have
Let us further suppose that
This can be rewritten as
and implies that, in Z = 0, the point v gb (resp. v gc ) lies on the usual vertical (resp. horizontal) line through g, north (resp. east) of g. Now, we find the point b on the usual line 
and we have obtained the six inequalities appearing in the statement, but relaxed. Now, notice that having six different points g, v gb , b, v bc , c, v gc is equivalent to having all six inequalities strict.
Other possible cases arise from relabelling.
If the points g, b, c ∈ R 2 satisfy the inequalities shown in theorem 1, we will say that the vertex g is minimal in the triangle gbc. Then the lengths of the sides of the usual hexagon H(gbc) are precisely determined by these inequalities.
Note that the notion of minimal point in a tropical triangle is affine but not projective; see theorem 2.
Let n ∈ N. The following definition is taken from [2, 11] , although Cuninghame-Green and Butkovič work over R n , not over TA n or TP n .
Definition 3.
In TA n or TP n , let u 1 , . . . , u s be different interior points. A point is tropically generated (or spanned) by u 1 , . . . , u s if it can be written as
(the maximum is taken coordinatewise) for some λ 1 , . . . , λ s ∈ R ∪ {−∞}, and not all equal to −∞.
The points u 1 , . . . , u s are tropically independent if there does not exist j ∈ {1, . . . , s} such that u j is tropically generated by u 1 , . . . , u j−1 , u j+1 , . . . , u s .
When λ j = −∞, the point u j may well be skipped. Notice that all points generated by interior points are interior. Now we will relate tropical generation with usual convexity. The convex hull of a set S will be denoted conv(S). For instance, the usual segment determined by two points b, c ∈ R 2 is conv(bc). The convex hull of H(gbc) will be called solid hexagon.
The following lemma can, somehow, be traced in [3, 6] . Lemma 1. The points tropically generated by the vertices g, c, b of a proper tropical triangle are exactly those of the solid hexagon conv H(gbc).
It turns out that b (resp. c) will be the minimal vertex in the triangle gbc, relative to Y = 0 (resp. X = 0).
Let T be a proper tropical triangle gbc (affine or projective). Improper tropical triangles arise from T , by letting two or more adjacent vertices g, v gb , b, v bc , c, v cg of H(gbc) collapse, i.e., the usual hexagon H(gbc) collapses to a n-polygon, with 3 ≤ n < 6 sides. Equivalently, some inequalities in theorems 1 or 2 become equalities. The reader can easily sketch (say in Z = 0), the 15 existing types of improper tropical triangles thus obtained. He/she can also arrange them in a graph: vertices in this graph are tropical triangles and two triangles T ′ , T ′′ in this graph are joined by an edge if T ′′ is obtained form T ′ by collapsing two consecutive vertices of H(T ′ ). This graph of triangles is rooted. One root is an improper triangle gbc such that g = v gb , b = v bc , c = v cg . Another root is T itself.
We will NOT be much interested in improper tropical triangles.
